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1 Introduction

NURB (Non Uniform Rational B-spline) curves and surfaces are being used

to solve curve and surface �tting problems i.e. where a sequence (or an array)

of points is given and then one can �nd a NURB curve (or an surface) that

interpolates to the given data. In general one has to provide additional

information, called end conditions to solve the system of equations in the

NURB interpolation problem. Several solutions have been proposed and

used for the non rational case. Here, we present some ideas in determining

end conditions in the rational case.

2 Motivation

We present solution to the end condition problem in the following context.

We are given a NURB curve or surface that is poorly parametrized i.e. the

parametrization does not correspond to the geometry. Use of this curve or

surface in an application (such as grid generation for 
uid dynamics analy-

sis) may require a better representation where parametrization re
ects the

geometry [10]. One solution to the problem is to pick points (and there-

fore weights associated with the points) o� the original curve or surface and

solve the NURB interpolation problem [9]. Although speci�c to the above

1



3 NURB CURVE INTERPOLATION 2

context, the ideas for determining end conditions presented here may be

applied to other NURB interpolation problem irrespective of the source of

the interpolation points.

3 NURB Curve Interpolation

First, we brie
y visit the NURB curve interpolation problem. We are given

a set of data points: x0; � � � ;xL, where xi 2 [wixi; wi] and xi 2 IE3 and wi

are the weights. We are also given the corresponding parameter values (or

knots) u0; � � � ; uL. We want a cubic NURB curve c, determined by the same

knots and unknown control vertices d�1; � � � ;dL+1 such that c(ui) = xi. In

other words, such that c interpolates to the data points.

We can write every rational B-spline curve as a rational B�ezier curve. In

that form we have:

xi = b3i; i = 0; � � � ; L:

Further algebra on the relationship of B�ezier and inner B�ezier points

(b3i�1) leads to a tri-diagonal linear system of equations. The system can

be made diagonally dominant and symmetric. It can be solved using LU

Decomposition. The matrix is invertible and always has a unique solution [3].

The result is a NURB curve control polygon di, i = �1 � � �L + 1. The

piecewise rational polynomial will interpolate to the xi. Each NURB control

point in the set di has a weight associated with it.1 We do need to choose

two B�ezier points, b1 and b3L�1. This is known as end condition problem.

There are several methods such as Bessel, quadratic and not-a-knot end

conditions for the non-rational i.e. B-spline case. These fail to qualify in the

rational case because of several reasons; see Section 4.

4 End Conditions for NURB Curves

The end condition amounts to �nding part of the �rst B�ezier polygon at the

curve ends. Several methods exist in the non-rational case for computing

end conditions, such as Bessel, not-a-knot etc. The Bessel end condition

requires passing a quadratic (parabola) through the �rst three interpolation

1
Else, the weight of all points will be 1.0 for the non-rational piecewise polynomial

case.
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Interpolation points

End Condition points

Figure 1: End Condition Problem for a Curve

points. That gives the B�ezier control polygon and therefore satis�es the

requirements of Section 3 described above. In most cases it works very well.

There is a problem with this approach. It arises because we are dealing

with rational polynomials. In the rational case, we have to compute the

location of the point in IE3 and the corresponding weight. Let us look

at the problem in the context of projective geometry. The interpolation

points [wipi; wi], pi =

2
64
xi
yi
zi

3
75, in IE3 are points p

i
, p

i
=

2
6664

wixi
wiyi
wizi
wi

3
7775, in IP 3.

The points p
i
in IP 3 are the homogenized coordinates of pi or pi are the

unhomogenized coordinates of p
i
. If the weight of a point was considered

as yet another ordinate and we applied the Bessel end condition, there is

a possibility that we can end up with a negative weight. An example of

the condition is as follows. If the weights of the �rst two points are close

to unity and the weight of the third point is very high, then the parabola

will dip below the 0:0 axis, as illustrated in Figure 2, resulting in a negative

weight. This is undesirable.2

In our context we have additional information such as the tangent di-

rections and curvature information at the end points to help determine the

end conditions.

2
The problem of negative weights for the control points can happen inside the curve also

(even though the weights of interpolation points are positive) if the choice of interpolation

points is poor. However, since the interpolation points are chosen based on curvature and

arc length of the curve [9], the likelkyhood of this happening is reduced.
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0.0

Three Points defining
the parabola

Computed point has
negative ordinate

Figure 2: Bessel end condition generates negative weights

4.1 Parabola as a Rational Curve

We present a method to �nd the rational conic that will project to a parabola

in the a�ne plane. This will be useful for �xing the tangents at the ends of

the curve.

Given: Two points, [w0b0; w0] and [w2b2; w2], in IE
3, curvature (�0) at b0

and the unit vector ~v0, the tangent direction at b0.

Wanted: A conic which projects to a parabola in the a�ne plane such that

the projected curve passes through b0 and b2, has curvature, �0 at b0 and

has the tangent direction ~v0. In other words we need to �nd the B�ezier

point [w1b1] in IE3 such that the above condition is satis�ed.

Method: The equation of a quadratic rational B�ezier curve can be written

as follows:

b(u) =
w0b0B

2
0(u) +w1b1B

2
1(u) + w2b2B

2
2(u)

w0B
2
0(u) + w1B

2
1(u) + w2B

2
2(u)

(1)

A rational B�ezier curve (of degree 2) can be reparametrized such that:

b(û) =
W0b0B

2
0(û) +W1b1B

2
1(û) +W2b2B

2
2(û)

W0B
2
0(û) +W1B

2
1(û) +W2B

2
2(û)

(2)
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where W0 = 1:0, W1 = w1p
w0w2

and W2 = 1:0. We can classify a conic

(in the standard form) as a parabola, ellipse or a hyperbola [6] in the a�ne

plane based on W1 = 1, < 1 or > 1. Therefore:

w1p
w0w2

= 1:0 (3)

or

w1 =
p
w0w2 (4)

Also, from [4], we have the formula for curvature �0 at b0:

�0 =
w0w2

w2
1

area [b0;b1;b2]

dist3 [b0;b1]
(5)

We know w0; w1 and w2 and we need to �nd b1. We can write b1 as:

b1 = b0 + �~v0 (6)

where � is the scaling factor and unknown. Equations 5 and 6 can be

combined:

�2 =
2

�0

~v0 ^ (b2 � b0)
k~v0k3 (7)

where \^" denotes the vector cross product. Therefore, � can be determined.

We only use the positive value of � for obvious reasons. Thus from

b1 = b0 + �~v0 (8)

we �nd b1.

Next, we degree elevate the conic to get a cubic. The B�ezier point b̂1 is

computed as:

b̂1 =
2

3
b1 +

1

3
b0 (9)

We call the above Rational Two Point Parabolic (RTPP) end condition.
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4.2 Bessel End Condition for Rational Curves

The Bessel end condition in the nonrational polynomial case implies �nding

a parabola given three points (and the parameter values) that lie on it.

We are given three points [wixi; wi], wixi in IE3; and ui, i = 0; 1; 2. We

�nd the B�ezier polygon, b0;b1 and b2, such that b(u) traces a parabola

and interpolates to xi. The solution is fairly straight-forward. However,

the solution in the rational case is not as simple. We can work around the

problem and obtain the solution is as follows.

Given: Three points, [wixi; wi], i = 0; 1; 2, in IE3.

Wanted: A conic which projects to a parabola in the a�ne plane such that

the projected curve passes through B�ezier points xi.

Method: If we want a parabola in the a�ne plane, we must set the middle

weight of the rational conic (after reparametrizing it to the standard form)

to 1:0. Following same steps as in Section 4.1 we can �nd w1. We also set

b0 = x0 and b2 = x2 and �nd b1 from:

x1(u1) =
b0B

2
0(u1) +

w1p
w0w2

b1B
2
1(u1) + b2B

2
2(u1)

B2
0(u1) +

w1p
w0w2

B2
1(u1) +B2

2(u1)
(10)

or

b1 =
x1(u1)

h
B2
0(u1) +

w1p
w
0
w2

B2
1(u1) +B2

2(u1)
i
� �

b0B
2
0(u1) + b2B

2
2(u1)

�
w1p
w0w2

B2
1(u1)

(11)

We call the above solution to the problem of Rational Bessel End Con-

dition.

5 NURB Surface Interpolation

The concept of interpolation is easily extended to the surface case. In the

bivariate case we are given x0;0; � � � ;xL;M , where xi;j 2 [wi;jxi;j; wi;j ] and

xi;j in IE
3. The result is the NURB surface control net di;j, i = �1 � � �L+1,

j = �1 � � �M + 1. We have the additional responsibility of choosing twist

vectors at the four inner corner points and tangents along the boundary

curves besides the tangents at the surface corners.

In our context (extracting data from a given surface) we have several

kinds of information we can use, such as tangent directions along the bound-

ary curves, curvatures of boundary curves at surface corners and tangent

planes along the boundary curves.
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Interpolation points

End Condition points 
at the boundary curves

T

T

T Twists

S

S
S

S

S End Condition points 
along the boundary curves

Figure 3: End condition requirements for a surface interpolation problem

6 End Conditions for NURB Surfaces

We refer to Section 5 for the statement of the NURB surface interpolation

problem. We still have to �x some values before we can solve the tri-diagonal

linear system of equations. The additional information needed is (see Fig-

ure 3):

1. tangents at the surface corners,

2. tangents along the boundary curves and

3. twist vectors at the four corner points.
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Interpolation Points

Point to be determined

Normal at interpolation point

tangent plane at x0

n0

x
u

First partial in u at 

xu’ New isoparametric direction

x0

x0

n0

x
u

xu’

b2= x1

b1

x0b0 =

Figure 4: Finding B�ezier points on the tangent strip.

6.1 Tangents at the Surface Corners

Determining tangents at the surface amounts to �nding tangents at the end

points in the NURB curve interpolation problem, the solution to which is

already described earlier.

6.2 End Conditions along the Boundary Curves

Refer to Figure 3. The points marked \S" are the points along the bound-

ary curves. We are limited here because unlike the four corners of the

surface, we do not have prescribed tangent directions or curvatures. We do

have the normals to the surface at the two neighboring interpolation points.

Nielson [7] and Piper [8] have developed methods to do Point Normal inter-

polation to produce a cubic curve. This method could be used here except

there is a heuristic value associated with determining the length of the tan-

gent. Also, this is valid in the a�ne plane and not in projective space. This

does not provide a way to adequately determine the weights of the B�ezier

control polygon. We present a way to solve this problem, however, with the
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quadratic (parabola) and not a cubic. We attempt to �nd the parabola in

the a�ne space (conic in projective space) that can be described under given

conditions. Refer to Figure 4. We know the two interpolation points. One

of the interpolation points, x0, lies on the boundary curve and the other,

x1, on the interior of the surface as shown. Also shown are the normal,

~n0, and the �rst derivatives (tangent directions) along the parametric lines,

~xu and ~xv. It is clear that in general the interpolation point x1 will not

lie in the direction of ~xu. We want to preserve certain properties. There

exists a tangent plane from the given surface at x0 and we do not want that

modi�ed. Let ~x0u be the vector containing the intersection of the tangent

plane at x0 and the plane containing ~n0, x0 and x1. In other words, ~x0u is

the vector
�!

(x1 � x0) projected to the tangent plane at x0. It is apparent

that this vector will be the tangent vector to the parabola at point x0 and

will contain point b1. Now to uniquely de�ne a conic (w0b0; w1b1; w2b2),

whose projection in to a�ne space is a parabola we can set b0 = x0, and

b2 = x1 and also the corressponding weights. We need to �nd b1 and w1.

However, before we can apply the RTTP method developed in Section 4.1,

we need to �nd the curvature at x0. Before we proceed further, we de�ne

the normal curvature.

De�nition 1 Normal curvature �n at a point x0 on a surface along a tan-

gent direction is de�ned as the curvature of the curve of intersection of the

surface and the plane containing the point x0 on the surface, the surface nor-

mal, n, at that point and the tangent direction vector (which is also tangent

to the curve of intersection at x0):

�n =
Ldu2 + 2Mdudv +Ndv2

Edu2 + 2Fdudv +Gdv2
(12)

where

E = E(u; v) = xuxu F = F (u; v) = xuxv G = G(u; v) = xvxv (13)

and

L = L(u; v) = nxuu M =M(u; v) = nxuv N = N(u; v) = nxvv (14)

The numerator of Equation 12 is called the 2nd fundamental form and the

denominator is called the 1st fundamental form in classical di�erential ge-

ometry. du : dv are the direction numbers of the line in the tangent plane

parallel to vector xudu+ xvdv.
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We want to compute the curvature along ~x0u. We can always write ~x0u as
a combination of the two vectors ~xu and ~xv since they are coplanar as they

all lie in the tangent plane. Therefore, we can solve for du and dv from:

~x0u = du:~xu + dv:~xv (15)

From the given surface we can compute L;M;N;E; F and G at x0. From

Equation 12 we can therefore compute the normal curvature at x0 along

~x0u. We now have all the entities required to compute the rational conic

(parabola in the a�ne space) i.e. b1 and w1, as described in Section 6.2.

6.3 Twist Estimation

The twist of a tensor product surface X(u; v) is the mixed partial Xuv(u; v).

We need twists to compute the inner B�ezier points at the four corners (refer

Figure 3). The twist vector of a m� n rational B�ezier patch, given by:

X(u; v) =

Pm
i=0

Pn
j=0wi;jbi;jB

m
i (u)B

n
j (v)Pm

i=0

Pn
j=0wi;jB

m
i (u)B

n
j (v)

(16)

where Bm
i (u) are Bernstein polynomials and [bi;j; wi;j ] are the control points.

The twist is given by:

Xuv(u; v) =
@2

@u@v
X(u; v) (17)

If we express Equation 16 as following:

X(u; v) =
B

W
(18)

then di�erentiating twice by applying quotient rule

@2

@u@v
X(u; v) =

W(BuvW+BuWv �BvWu �BWuv)� 2Wv(BuW �BWu)

W �W �W
(19)

where Buv =
@2

@u@v
B etc.

We are interested in �nding the twist vector at the corners of the patch,

i.e. at (u = 0; v = 0); (u = 1; v = 0); (u = 0; v = 1) and (u = 1; v = 1). We
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give the formula for the �rst case i.e. (u = 0; v = 0).

xuv(0; 0) =
m� n

w2
00

[(w00(w11b11 � w10b10 � w01b01 + w00b00)

+(w10b10 � w00b00)(w01 � w00)�
(w01b01 � w00b00)(w10 � w00)

�w00b00(w11 � w10 � w01 + w00))

�2(w01 � w00)((w10b10 � w00b00)� b00(w10 �w00))]

(20)

The other three cases can be similarly computed.3

Equation 20 enables us to determine the twist vector at four corners

of the given NURB surface. We need to estimate the twist vector for the

new surface i.e. the approximating surface. We cannot rely on the twist

vector of the given surface due to its dependence on the parametrization,

a characteristic that was the source of the problem we are solving. Several

methods have been presented to estimate the twist, for example, [1] and [2].

Farin and Hagen [5] also give a method for local twist estimation. Although,

a good method, it can produce zero twists under some conditions which may

be undesirable. We present a new method for estimating the twist.

We compute the normal curvature along an arbitrary curve (not the

boundary curve), say du = 1; dv = 1, on the given surface at each of its

corners. We can also write the mixed partial as a function of three linearly

independent factors i.e. the normal and the partial derivatives.

xuv = �n+ �xu + 
xv (21)

Therefore, for the given surface, we can compute �; � and 
.

Let^represent the values for the new surface. Now, for the new surface

we know the tangents, x̂u and x̂v (or �rst partials) along the boundary

curves (from boundary end conditions). We solve the four linear systems for

the boundary curves and therefore compute the second derivatives along the

new boundary curves, except the mixed partial. To use the normal curvature

equation (Equation 12) for the new surface we need to compute values for

d̂u and d̂v. These can be expressed in terms of du and dv as

d̂u = �:du (22)

3
By using the same formula and changing the indices.



6 END CONDITIONS FOR NURB SURFACES 12

and

d̂v = �:dv (23)

where

� =
kx̂uk
kxuk (24)

and

� =
kx̂vk
kxvk (25)

The above enables computation of L̂, N̂ , Ê, F̂ and Ĝ. In order to

improve the quality of approximation, we want to maintain the normal cur-

vature along the arbitrary curve in the new surface. Plugging the values in

Equation 12 we get M̂ which by de�nition is: 4

M̂ = nx̂uv (26)

We can also write x̂uv as a combination

x̂uv = �̂n̂+ �x̂u + 
x̂v (27)

Dot product of Equation 27 with n gives

nx̂uv = �̂ (28)

Equating Equations 26 and 28 we compute �̂. It is apparent that the e�ect

of � and 
 on the normal curvature is absorbed in the mixed partial. We

set �̂ = � and 
̂ = 
 to give an estimate of the twist. The scale of � and


 will not a�ect the outcome of the normal curvature of an arbitrary curve

on the surface. However, to scale properly we set:

�̂ =
��̂

��
(29)

and


̂ =

�̂

��
(30)

4
It is evident that n = n̂, ignoring the scale of the normal.
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We use Equation 27 to compute the mixed partial, x̂uv of the new surface.

We still need to �nd
h
b̂11; ŵ11

i
etc. for the new surface. We �rst estimate

the weight, ŵ11. All weights except ŵ11 are known. We estimate ŵ11 by the

following averaging process:

ŵ11a = ŵ10 +
2

3
(ŵ01 � ŵ00) +

1

3
(ŵ31 � ŵ30) (31)

ŵ11b = ŵ01 +
2

3
(ŵ10 � ŵ00) +

1

3
(ŵ13 � ŵ03) (32)

and

ŵ11 =
ŵ11a + ŵ11b

2
(33)

Once we have ŵ11 we can solve for b̂11 using Equation 20. The process

is repeated for the other three corners.

7 Conclusion

We prefer to use the solution to the rational parabola problem in Section 4.1

for computing end condition points at the four corners of the surface. This

condition is less restrictive than the rational Bessel end condition as it uses

only two points to compute the parabola instead of three. We also pre-

fer the solution described in Section 6.2 for the points along the boundary

curves. As mentioned above, twists are also computed. This completes all

the information required for solving the tri-diagonal system of equations.

The methods mentioned above were applied to approximate a surface (Fig-

ure 5). The surface at the bottom is an approximation of the surface above

in the �gure. The algorithms mentioned in this paper were applied to com-

pute end conditions. The interpolation points on the boundary curves and

the interior were picked according to [9].
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