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Abstract

We present a method for identifying a partial match for twice differentiable curves. The method uses equal

arc-length interval correspondences when comparing points on one curve to another. We use the square of difference

in curvatures at each point to compare two curves, and find it to be fast enough for querying a large database of

curves.
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I. I NTRODUCTION

2D curves arise in a variety of applications, we list font design, topographic maps, sketches of object

shapes, or handwriting analysis. If a collection of 2D curves is stored for a particular application, it is

often necessary to distinguish between these curves or to identify a particular one. Consider the example

of a collection of human face contours. If a new contour curve is supplied, we might want to identify the

contour curve in the collection which is closest to the given contour. We refer to this process asshape

matching.

It is necessary to define some terms before we present our curve matching method. First, let us define

the termscongruentandsimilar [3] as they apply to curve matching. Two curves1 x andy are congruent

if and only if there exists an isometry (a distance-preserving transform) that transforms each point onx

to a corresponding point ony, and vice versa. Valid isometric transforms include rotation, translations,

and reflections, but not scaling2. Congruence is a true/false concept, things are either congruent or they

are not. If we consider congruence to be an equivalence relation on a setC of curves, then a function

d(x,y) that would allow us to find the distance between any two curves is called ametric. To be a metric,

the functiond(x,y) must satisfy the following inequalities:

d(x,y) = 0 if x ∼= y (1)

d(x,y) = d(y,x) (2)

d(x, z) + d(y, z) ≥ d(x,y) (3)

A number of metrics exist for comparing entire curves. Apartial match is a pairing between a curve

and a region of another curve. A metric can not exist for partial matches, since the triangle inequality (3)

can not hold. For example, suppose we have two short curvesx andy and a longer curvez. The curve

x can be congruent to a region ofz, andy can be congruent to another region ofz while x andy do

not have to be congruent at all.

Given a large database of twice-differentiable curves which we calltarget curves and a non-closed,

twice differentiable curve which we call ourquerycurve, our goal is to identify the best partial matches

between the query curve and the target curves in the database. Our curves are allowed to self-intersect,

(for example, they could trace the path of a pen on a paper) and the connectivity of points along the

1We use bold-face roman letters to denote points, vectors, and curves
2If we wished to identify shapes that could be superimposed after uniform scaling, we would be concerned withsimilarity, but this paper

focuses only on congruence.
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curve must be respected as they are compared. This paper addresses the following issues regarding the

comparison of curves:

1) Which points correlate between the query and the target curves?

2) How do we quantify the quality of a match?

When the provenance of curves is such that a meaningful parametrization (such as time) exists, then

equal parameter-values on our query and target curve correspond. When data is purely geometric, we

use an arc-length parametrization in order to compare them. The arc length heuristic for establishing a

correspondence is always correct when one curve is congruent to the other, and it is generally quite good

when the curves have similar shape.

We measure the difference between corresponding points on the query and target curves by comparing

their curvatures since curvature is invariant under rigid body transforms. The best matching section of our

target curve is identified by sliding our query curvature plot along our target curvature plot and measuring

their difference, as illustrated in figure 1. This is not similar to measuring the average square of distances

between points on the curve (called the mean squared error). If a curvex was perturbed slightly tôx, the

two measurements would vary away from0 differently.

One of the most popular methods for comparing and finding a correspondence between point sets

is Iterative Closest Points (ICP) presented by Besl and McKay [2]. Some nice qualities about ICP are

that it can be used to identify a best partial match, and it is not specific to curves. A drawback for

the application to curve matching is that the correspondence it chooses is based solely on the proximity

of points, regardless of parametrization or connectivity. ICP is nonlinear in nature, and does not find a

globally optimal match, so it might have to be repeated several times with different initial poses in order

to find a the best match over a whole curve. Veltkamp [9] presents a useful overview of a number of

other shape similarity measures, including curvature scale space [8] and turning angles [1], [4].

The method of Curvature Scale Space (CSS) is used by the Shape Queries Using Image Databases

(SQUID) project [7], and on-line demos are available for the interested reader. The method analyzes the

zeroes of curvature after convolution with a filter. This method produces a fascinating signature plot for a

curve by tracking the arc length distances to each inflection point on the curve as the curve is convolved

with a Gaussian kernel of widthσ and plots a point(s, σ) for each inflection point. The inflection points

move continuously along the contour asσ increases and eventually they meet in anannihilation point

in the (s, σ) plane. Each annihilation point corresponds to either a concave or a convex region on the
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Fig. 1. An example of sliding two curvature plots to find a match
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original curve. The minimum distance between the set of annihilation points after translation on thes

axis can be used to compare curves. This method is not intended for partial matching or for open or

self-intersecting curves. The CSS metric does not differentiate between convex curves, or even skewed

version of the same curves, and Veltkamp’s paper [9] shows an example of two species of hatchet fish

with the same CSS representation.

Tangent angles, like curvature, provide a curve signature that is invariant under rigid body transforms. In

fact, curvature is the derivative of the tangent angle with respect to arc length. The methods for comparing

curves presented in [1] and for matching presented in [4] use graphs of tangent angle (which they call

turning angle) versus arc length for polygonal curves. Determining the proper translation, rotation, and

scaling for the two curves amounts to finding the right horizontal shift, vertical shift, and horizontal stretch

that causes the two graphs to most closely resemble each other. The turning angle method presented by

[4] is concerned with matching shapes in a scale invariant way, whereas we are mainly concerned with

rigid body transforms (rotation and translation, but not scaling). Since they take scale into account, their

method isO(m2n2) wherem andn are the number of sampled points on the two curves. By comparison

our method is designed for smooth curves (twice differentiable) and isO(mn) as theirs would be if

scale-search part of their algorithm was eliminated.

II. CURVATURE MATCHING

In this section we outline an approach to partial curve matching. We take as input an an arc length

parametrized query curve, which we callc, and target curvêc. We also useκ and κ̂ do denote the

curvatures ofc and ĉ respectively, and| · | to denote the arc length of a curve. When the arc lengths are

different, we choosêc to be the longer curve. We compare curves by measuring the difference between

corresponding values on the curvature plot as shown in figure 1. This amounts to finding a parametera

such that

a = arg min
a

∫ |c|

0

(κ̂(s + a)− κ(s))2 ds (4)

We compare two curve segments by observing their signed curvature because it is an invariant property

that completely captures the shape of a curve [10], [5]. We use the variablet to indicate that a curve uses

a parametrization other than arc length, ands is used to indicate an arc length parametrized version of
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Fig. 2. An example of a query and target curve, and a region of the target curve

the curve. The curvature of a point on a curve can be obtained regardless of parametrization as follows:

κ(t) =
det

[
d
dt

c(t), d2

dt2
c(t)

]

‖ d
dt

c(t)‖3
(5)

In order to evaluate integrals such as equation (4) we sample our curves at uniform incrementsδ of

arc length chosen small enough to capture important aspects of the curve. This leaves us withm =
⌊
|ĉ|
δ

⌋

points onĉ which we labelĉ1...ĉm, andn =
⌊
|c|
δ

⌋
points onc,which we labelc1...cn. Note thatm is

the floor of the arc-length of our target curve divided by the increment size We have chosenĉ to be the

longer curve, som ≥ n and there are at leastm− n + 1 spans ofn points in ĉ.

A curvature plot is a graph of curvature versus arc length (see figure 3). The vertical lines in figure

3 illustrate the difference in curvature at points on the two curvature plots. Our comparison of the two

curves is based on the square of the differences between those plots, and our choice fora is based on a

line-search for the minimum square of differences through our discretized curves.

a =

(
arg min

j

n∑
i=1

(κ̂j+i − κi)
2

)
δ (6)

≈ arg min
a

∫ |c|

0

(κ̂(s + a)− κ(s))2 ds

The asymptotic running time for curve matching isO(mn), sincem− n + 1 comparisons ofn points

must be made. Future work may address issues such as data storage and search strategies to make the

search for a match and the process of comparison between curve segments much faster.
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Fig. 3. An example of 2 curvature plots

III. O NE TO MANY COMAPRISONS

Suppose we have a database consisting ofN different curves, and we wish to search the database for

a given input curve. For each curve in the database we have precomputed the curvature values and the

arc lengths. We introduceC as our set of curves, and we useci,j to refer to thejth sampled point on

the ith curve in the database. We wish to find the topk curves3, wherek is user defined. This means

that whenever the summation in equation (6) exceeds thekth smallest sum we can quit comparing that

interval and continue sliding our curvature plots. We call this method athresholded searchsince thekth

best match serves as a threshold allowing us to skip many computations.

Another issue arises when we compare to a large number of curves concerning arc length. If our query

curve isnot shorter than every other curve inC then the expression (4) would consider a longer curve

as being poorer match (see figure 4). A solution is to divide the integral in equation (4) by the arc length

of the shorter curve

a = arg min
a

1

|c|
∫ |c|

0

(κ̂(s + a)− κ(s))2ds.

However we feel that there is value in letting the length over which a match occurs influence its ranking.

Particularly, we prefer to reward curves with a lower difference measurement if they match over a longer

3(i.e. after all curves are ranked according to the integral in equation (4) we select thosek curves having the smallest shape difference)



7

0.00 3.14
0

1

2

3

0.00 3.14
0

1

2

3

C

u

r

v

a

t

u

r

e

C

u

r

v

a

t

u

r

e

Arc Length Arc Length

p

q

r

Fig. 4. Different curves with the same area between curvature plots

arc length. Figure 4 shows three arcs of a circle,p, q, andr. We consider curvep to be a much better

match tor thanq is. The modified version of equation (4) that we use is

a = arg min
a
|c|−α

∫ |c|

0

(κ̂(s + a)− κ(s))2 ds (7)

whereα is a parameter chosen as follows.α = 1 removes the effects of arc length,α > 1 rewards a

match over a longer arc length, andα < 1 penalizes curves that match over a greater arc length. Choosing

a properα involves knowledge of what is in the database, and the choice should be guided by an expert

on the kinds of shapes involved. For a general purpose database of curves, a choice ofα = 1 is likely

the safest choice. Figure 5 shows the effects ofα on a subset of a database of pottery profile curves.

IV. REGISTRATION

ICP as presented in [2] automatically aligns the point sets as the algorithm proceeds. Our algorithm

does not require transforming the points at all, but we can find a rigid body transform efficiently after a

match has been identified.
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alpha=1.0

Query

41

3 38 33 44 37 82 56 34 89 32

53 28 81 45 5 24 6 88 87 90

71 47 67 83 72 66 18 30 78 54

11 65 43 55 75 39 76 63 77 85

36 74 84 70 17 22 48 35 31 80

alpha=3.0

Query

41

82 44 81 28 6 78 34 89 56 32

83 66 54 38 33 90 3 87 37 24

47 18 63 72 85 53 30 45 88 5

43 35 75 65 39 76 77 67 71 55

36 74 84 17 22 31 11 70 48 80

Fig. 5. Sorted results withα = 1 (top) andα = 3 (bottom)
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Fig. 6. 2D registration of matching points

ICP uses a quaternion based method presented by Horn [6] since it is intended to deal with 3D data,

but Horn’s paper also presents a 2D orientation method that we reiterate here.

We wish to find a vectort and rotation matrixR(φ) that rotates points by the angleφ such that
∑ ‖ĉi+j − R(φ)ci‖2 is minimal. If we define the pointso and ô as the centroids of the two point sets

c1 . . . cn and ĉj...ĉj+n then Horn shows that thet = ô−R(φ)o is the optimal translation vector. For any

two pointsci and ĉj+i we can define the vectors

vi = ci − o

v̂i = ĉj+i − ô

and the angleγi = 6 (vi, v̂i) as illustrated in figure 7. We callR(φ)vi the vectorvi rotated by an angle
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vi

v̂i

ĉj+i

ci
‖vi − v̂i‖

‖vi‖ ‖v̂i‖
γi

‖vi‖ sin(γi)

‖v̂
i‖
−
‖v

i‖
co

s(
γ

i)

Fig. 7. Registration

φ, and

‖v̂i −R(φ)vi‖2 = (‖vi‖ sin(γ − φ))2 + (‖v̂i‖ − ‖vi‖ cos(γ − φ))2 (8)

= ‖vi‖2 sin2(γ − φ) + ‖v̂i‖2

−2‖vi‖‖v̂i‖ cos(γ − φ) + ‖vi‖2 cos2(γ − φ) (9)

= ‖vi‖2 + ‖v̂i‖2 − 2‖vi‖‖v̂i‖ cos(γ − φ) (10)

= ‖vi‖2 + ‖v̂i‖2

−2‖vi‖‖v̂i‖(cos(γ) cos(φ)− sin(γ) sin(φ)) (11)

= vT
i vi + v̂T

i v̂i

−2
(
vT

i v̂i cos(φ)− det(vi, v̂i) sin(φ)
)

(12)

is the square of the distance betweenĉj+i andR(φ)ci + t. We define the error measure parametrized by
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an angleθ

E(θ) =
n∑

i=1

‖v̂i −R(θ)vi‖2 (13)

=
n∑

i=1

vT
i vi +

n∑
i=1

v̂T
i v̂i (14)

−2

(
cos(θ)

n∑
i=1

vT
i v̂i − sin(θ)

n∑
i=1

det(vi, v̂i)

)
(15)

(16)

SinceE(φ) is a minimum, the derivative ofd
dθ

E(φ) = 0. The derivative can be expressed in terms of

sin φ andcos φ

d

dθ
E = 2 sin(φ)

n∑
i=1

vT
i v̂i + 2 cos(φ)

n∑
i=1

det(vi, v̂i) (17)

In order to solve forsin(φ) andcos(φ) we introduce the variablesσ, τ , andµ as follows

σ =
n∑

i=1

vT
i v̂i

τ =
n∑

i=1

det([vi, v̂i])

µ =
√

σ2 + τ 2

(18)

In order for equation (17) to be0 the value ofφ must satisfy


 sin(φ)

cos(φ)


 = ± 1

µ


 −τ

σ


 .

Recall that we actually want a rotation matrixR(φ)

R(φ) =


 cos φ sin φ

− sin φ cos φ




= ± 1

µ


 σ −τ

τ σ


 (19)

Now the value ofE(φ) can efficiently be obtained without actually applying the rotationR(φ) by plugging
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the values (IV) into equation (12) to give us the formula forE(φ) as follows

E(φ) =
n∑

i=1

vTv +
n∑

i=1

v̂T v̂ ∓ 2

(
σ2 + τ 2

µ

)
(20)

=
n∑

i=1

vTv +
n∑

i=1

v̂T v̂ ∓ 2µ (21)

In figure 6 we show the results of alignment for several curves.

V. RESULTS AND CONCLUSIONS

a) Comparison with ICP:We compare our method with ICP [2], although our method searches for

a global minimum under the constraint that points at equal arc length distances correspond whereas ICP

finds a local minimum with no constraint on the correspondence. We base our comparison on the curve

matching method suggested in [2] using a standard version of ICP run several times at different starting

positions. We generated 100 uniform cubic B-spline curves with ten randomly positioned control points.

We extracted a section one quarter the length of each B-spline to use as a query curve. We always sampled

200 points on the longer curve, and 50 points on the shorter curve. In order to search for the closest points

in ICP, we did a basic search that always compared200·50 = 10000 points. Initial registrations were found

by taking ten equally spaced spans of sampled points from our target curve and using Horn’s quaternion

method [6] to register them. The average running time over 100 trials was0.52688s. We repeated the

same experiment with our curve matching algorithm, fully evaluating the summation in equation (4) and

not using the thresholding speedup mentioned in section III. We identified the correct match in 0.0046s

on average, and were able to register the matching sections in 0.0006s on average. Our running times

include computation of the curvature arrays. If they were pre-computed then our method would run in

0.0017s on average. These experiments were run on a Pentium IV 2GHz processor with 523 Mb of RAM.

Figures 8 and 9 show starting and ending positions of an ICP-based curve matching that used 6 initial

registrations.

A separate experiment was run to evaluate the speedup gained by only partially evaluating the summation

in equation (6). For this experiment we used a different class of curves than B-splines, instead we generated

the curvature plots by convolving an array of computer-generated pseudo-random numbers. The basic

curvature matching routine was run on a database of 1,000,000 curvature plots, sampled at 800...1600

points with a query curve sampled at 100 points. The top match was identified in 440.17s (7 minutes)

using the default method and in just 71s using the thresholded method. This experiment was run on a
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a b c d e f

Fig. 8. Initial (upper) and final (lower) registrations for ICP based partial curve matching. d is a match.

a b c d e f

Fig. 9. Initial (upper) and final (lower) registrations for ICP based partial curve matching. d is a match.

Pentium IV 3.2GHz with 2GB RAM.

In conclusion, have presented anO(mn) method to identify the best partial match for a query curve

c within a target curvêc by comparing differences in curvature between the two curves. This is an

order of magnitude better than ICP, which would have beenO(kmn), wherek is the number of initial

registrations. We use arc length parametrization to establish a correspondence between our query curve

and portions of our target curve since it is much faster than searching for closest points. We also present

a straightforward method due to [6] for simultaneously identifying a rigid body transform and the mean

squared error between two curve segments.

Future directions include the following:

1) Our method can be extended to compare 3D curves by measuring the magnitude of the difference

in the vectorsv = [κ, τ ]T , whereτ represents the torsion of the curve.

2) We can use the arc length heuristic, but use equation (21) to compare by mean squared error

rather than curvature, or use a weighted combination. This expression lends itself to a thresholded
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comparison like the one we use for curvature.

3) We might be able to quickly threshold out entire regions of our target curve if we reorder the

summation in equation (6) in order to process curvature values in descending order of magnitude.

4) Any heuristic that increases our likelihood of finding the best matches sooner might allow us to

increase performance by letting us threshold out larger portions of the database.
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